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Exercise 1.1.11

Determine whether each of these series is convergent, and if so, whether it is absolutely
convergent:

In2 In3 In4 Inbd h176_

1 1 1 1 1 1 1
b) — 4+ - _-_= - - _ -
(b) Jr2 4+ Jr6 8+ ’
() 1 1+1+1+1 1 1 1 1+1 +1 1 1+
¢ 2 374756 7 8 9 10 11 15 16 21 ‘
Solution
Part (a)
Rewrite the given series.
In2 In3 In4 Ind5 In6 > Inn
el Wi S Tt —1)yn=="
2 3 + 4 5 + 6 nz:;( ) n

To determine whether this alternating series converges, check the two conditions of the Leibniz
criterion.

1 1-1
(i) d<“”): "0 ifn>e
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(i)  lim —2 = |iy M: lim 2 = lim ~ =0
n—oo N, H n—oo i (n) n—oo 1 n—oo N

Since the first derivative of Inn/n is negative (for sufficiently large n), Inn/n is a monotonically
decreasing function. The limit of Inn/n is zero as n — co. Therefore, the series converges.
Consider the series with positive terms now.

o
Inn

n
n=2

Inn/n is monotonically decreasing, so use the integral test to prove or disprove convergence.

- Inx

flz) = —

X

Inz and z are continuous functions, so their ratio is as well. In addition, Inz/x is positive from 2
to oo. The conditions to use the integral test are satisfied; now evaluate the corresponding integral

]
/ Inz
2 X
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by using the substitution v = Inz (du = dx/x).

o0
/ udu
In2

The series of positive terms diverges by the integral test. Therefore, the series in question,

In2 In3 In4 Inb ln6 >

R R RS =2 (-1
is not absolutely convergent but rather conditionally convergent.
Part (b)

Rewrite the given series.

n=0
[e.e]
1 1
= 1"
>0 (51 3rs)
n=0
_53 4n +3
L 2n+ 1)(2n +2)

To determine whether this alternating series converges, check the two conditions of the Leibniz
criterion.

(i)

d 4n + 3 }_ 2 1

dn [(2n +1)(2n +2) —@n+U2_%n+D2<O

(ii)  lim = lim ———— = lim
n—oo (2n+1)(2n +2) n—ooodn?+6n+2 noood 4

+ 3 0+0
42 744040

Since the first derivative of (4n + 3)/[(2n + 1)(2n + 2)] is negative, (4n +3)/[(2n 4+ 1)(2n + 2)] is a
monotonically decreasing function. The limit of (4n + 3)/[(2n + 1)(2n + 2)] is zero as n — oco.
Therefore, the series converges.
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Consider the series with positive terms now.

i 4dn + 3
= (2n+1)(2n +2)

(4n+3)/[(2n + 1)(2n + 2)] is monotonically decreasing, so use the integral test to prove or
disprove convergence. Consider the corresponding function of x.

4o+ 3
(2x 4+ 1)(2x + 2)

fz) =

2z + 1 and 2x + 2 are continuous functions, so their product is as well. 4z + 3 is also continuous,
so the ratio of 4z + 3 to (2z + 1)(2z + 2) is also continuous. f(z) is positive from 0 to co. The
conditions to use the integral test are satisfied; now evaluate the corresponding integral

/°° 4r +3 d
0 (2x+1)(2z+2)

by using partial fraction decomposition.

/00 L S O
X
0o \2z+1 " 2z+2

o

o

1
In(2x +1)| + 3 In(z + 1)

0 0
o0

The series of positive terms diverges by the integral test. Therefore, the series in question,

2 3 4 5 2n+1)(2n + 2)

In2 In3 In4 Inb Iné6 > 4n + 3
.= —1)"
G nz:%( "7

is not absolutely convergent but rather conditionally convergent.
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Part (c)

Rewrite the given series.

11 1 1 1 1 1 1 1 1 1 1

1l 4 -4 -4 _Z_Z_Z_ e T e P
2 3+4+5+6 7 8 9 10+11 +15 16 21+

() (20 (20

FEach term of this alternating series has a lower bound and an upper bound.

1
1 1 1
Z < <z
1_271_1
n=1
1 1 <1 1 1
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n=2
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6 6 n - 4
n=4
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1+1+1+1<Zl 1+1+1+1
10 10 10 10_n ToT 7
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1+1+1+1+1<Zl 1 1 1
15 15 15 15 15_n:11

2:;>_.“

n=11

Calling the kth term of the series si, generalize the formulas on the left and right sides.

2 < < 2k
—— <3 =
k+1 - F =2 k2

2 2 2
<

< <
Tk—14+% k-1

To determine whether this alternating series converges, check the two conditions of the Leibniz

criterion.
) d (2 \_,_df 2 R 2
1) — | —— s — | — -
de \k+1) ="~ dk \ k-1 (k+1)2
(i) N 2 < li < li 2 — 0< i <0
11 1m ——— 1m 1m —— 1m
k—>ook—|—1_k—>oc>8k_k—>ook—l _k—>o<>8k_

(k=17

lim Sk =0

Since the first derivative of si is negative, s; is a monotonically decreasing function. The limit of

si is zero as k — oo by the Squeeze theorem. Therefore, the series converges.
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The series with positive terms,

1 1 1 1 1

1 1 1 1 1 1 1
I+ o+ttt ottt

2 3 4 5 6 7 8 9 10 11 15 16

is the harmonic series, which diverges. Therefore, the series in question,

111+I+1+1111 1+1 +1 1
2 3 4 5 6 7 8 9 10 11 15 16

is not absolutely convergent but rather conditionally convergent.
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